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Abstract
Starting with the first-order singular Lagrangian, the canonical structure
in the noncommutative quantum mechanics with the noncommutativities both
of coordinates and momenta is investgated. Using the projection operator
method (POM) for the constraint systems and the constraint star-product, the
noncommutative quantum system is constructed and the commutator algebra
of projected canonically conjugate set(CCS) of the system is derived in the
form including all orders of the noncommutativity parameters. We discuss
the alternative CCS, which obeys the ordinary noncommutative commutator
algebra. The exact CCS is constructed in the framework of the POM, and
which is shown to be equivalent to the CCS constructed through the Seiberg-
Witten map and the Bopp shift. We further discess the alternative Lagrangian
to realize the noncommutativities both of coordinates and momenta.
1 Introduction
Since Snyder[1], Noncommutative extensions of quantum mechanics and quantum
field theories have been extensively investigated until now[2, 3, 4, 5, 6, 7, 8]. It is well
known that the dynamical systems with the noncommutativity among coordinates,
momenta are able to be descrived by the constraint systems, and the dynamical
models for such constraint systems have been investigated widely[9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23], and it has been shown that Chern-Simons like
terms play the important role in the realization of noncommutativities[24].
Using the projection operator method (POM) with the star-product quantization[25,
26, 27, 28], in this paper, we shall construct the noncommutative quantum system
with the noncommutativities both of coordinates and momenta in more general
form.
For this purpose, we propose the first-order singular model Lagrangian with two
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kinds of Chern-Simons like terms, and the initial unconstraint quantum system con-
taining the sets of second-class constraint operators is prepared. The final constraint
quantun system will be constructed through the successive projection-procedure[29].
Then, the commutator algebra of the projected canonically conjugate set (CCS) con-
stisting of coorninate operators qi and momentum ones pi (i = 1, · · · , N) will be
shown to take the following form:
[qi, qj] = ih¯(M−1ΘM−1)ij, [q
i, pj] = ih¯(M
−1M¯M−1)ij, [pi, pj] = ih¯(M
−1ΞM−1)ij,
(1.1)
where M and M¯ are the N ×N matrices,
M = I +
1
4
ΘΞ, M¯ = I −
1
4
ΘΞ (1.2)
with the N × N unit matrix I, and Θij , Ξij , the N × N totally antisymmetric
matrices. These matrices will be defined in Sect.3 and their algebraic properties,
discussed there.
As shown in Ref.[29], the results of the successive projections generally depend on
the order of the operations of projection operators. Because of the structure of the
constraint operators in the initial system, however, the commutator algebra of the
final ptojected system will be shown to be independent to the order of projections.
Following the POM, we will construct the CCS consisting of Qi and Pi (i =
1, · · · , N) in terms of the projected CCS, which satisfies
[Qi, Qj ] = 0, [Qi, Pj] = ih¯δ
i
j , [Pi, Pj] = 0, (1.3)
and which we shall call the exact CCS. Then, it will be shown that the exact CCS
provided by the POM holds the equivalent structure to the CCS obtained by the
Seiberg-Witten map[2] and the Bopp shift[30]. We further discuss the alternative
model Lagrangian to realize the noncommutativities both of coordinates and mo-
menta.
This paper is organized as follows. In Sect.2, we briefly review the POM with the
star-product quantization. In Sect.3, we first discuss the algebraic properties of the
antisymmetric mateices Θ,Ξ. We next propose the model Lagrangian and the initial
unconstraint quantum system. Then, the canonical structure of the final constraint
quantum system is constructed, and the alternative projected CCS is proposed. Fol-
lowing the POM, in Sect.4, we construct the exact CCS satisfying the commutator
algebra (1.3) and the unified expression for the projected Hamiltonian of the final
constraint quantum system is given. In Sect.5, we mention the alternative model
Lagrangian, and some concluding remarks are given. Furthermore, we propose the
different type of constraint dynamical model, which does not contain the redundant
CCS, in Appendix E.
2
2 Star-product Quantization
We here present the brief review of the POM of constraint systems including the
supersymmetry with the star-product quantization[25, 26].
Let S = (C,A(C), H(C),K) be the initial unconstraint quantum system with the
graded commutator algebra†, where C = {(qi, pi); i = 1, · · · , N} = C(q, p) is a set of
canonically conjugate operators (CCS),‡A(C), the commutator algebra of C with
A(C) : [qi, pj] = ih¯δ
i
j , [q
i, qj] = [pi, pj] = 0, (2.1)
and H(C) = H(q, p) is the Hamiltonian of the initial unconstraint system, K =
{Tα(C)|α = 1, · · · , 2M < 2N}, the set of the constraint-operators Tα(C) correspond-
ing to the second-class constraints Tα ≈ 0. Starting with S, our goal is to construct
the constraint quantum system S∗ = (C∗,A∗(C∗), H∗(C∗)), where C∗, which we shall
call the projected CCS, is the set of N −M projected canonically conjugate pairs
stisfying
Tα(C
∗) = 0 (α = 1, · · · , 2M). (2.2)
The first step is to construct the associated canonically conjugate set (ACCS)
from the constraint-operators Tα(C) and to prepare the projection operator Pˆ to
eliminate Tα in the system, that is, PˆTα = 0 (α = 1, · · · , 2M), which we shall call
the projection conditions[25].
Due to the Darboux’s theorem in the dynamical systems, it is possible in general
to define the ACCS. Let {(ξa, πa)|ǫ(ξ
a) = ǫ(πa) = s, a = 1, · · · ,M} be the ACCS,
and their symplectic forms be
Zα =


ξa (α = a)
πa (α = a +M) (α = 1, · · · , 2M ; a = 1, · · · ,M),
(2.3)
which obey the commutation relation
[Zα, Zβ] = ih¯(−(−)
s)Jαβ = ih¯J
αβ , (2.4)
where s = ǫ(ξa) = ǫ(πa) is the Grassmann parity of ξ, π and J
αβ is the symplectic
matrix and Jαβ is the inverse of J
αβ. Then, we define the symplectic hyper-operators
Zˆ(±)α (α = 1, . . . , 2M) as follows:
Zˆ(−)α =
1
ih¯
[Zα, ], Zˆ
(+)
α = {Zα, }, (2.5)
†For any operators A,B, the graded commutator, [A,B] = AB − (−1)ǫ(A)ǫ(B)BA, and the
graded symmetrized product, {A,B} = 12 (AB + (−1)
ǫ(A)ǫ(B)BA).
‡We shall denote C with C(q, p) and any O with O(q, p) when needed.
3
which, from (2.4), obey the hyper-commutation relations
[Zˆ(±)α , Zˆ
(±)
β ] = 0,
[Zˆ(±)α , Zˆ
(∓)
β ] = [Zˆ
(∓)
α , Zˆ
(±)
β ] = J
αβ .
(2.6)
The projection operator Pˆ is defined by[25]
Pˆ = exp
[
(−1)sZˆ(+)α
∂
∂ϕα
]
exp[JαβϕαZˆ
(−)
β ]|φ=0, (2.7)
and the projection conditions for Pˆ are represented by
PˆTα(C) = Tα(PˆC) = 0 (α = 1, · · · , 2M), (2.8a)
which we shall briefly denote as§
PˆK(C) = K(PˆC) = 0. (2.8b)
We next introduce two kinds of star-product as follows[26]: For any operators X
and Y ,
X ⋆ Y = exp(
h¯
2i
Ωηζ)X(η)Y (ζ)
∣∣∣∣∣
η=ζ
(2.9)
and
X Pˆ ⋆ Y =
(
Pˆ(η)Pˆ(ζ) exp(
h¯
2i
Ωˆtηζ)X(η)Y (ζ)
)∣∣∣∣∣
η=ζ
. (2.10)
Here, Ωˆηζ is the graded hyper-operator defined by
Ωˆηζ = (−1)
sJαβZˆ(−)α (η)Zˆ
(−)
β (ζ) (2.11a)
with the nonlocal representations for the operations of hyper-operators[26], and
Ωˆtηζ = Ωˆζη = −Ωˆηζ . (2.11b)
Using the ⋆ and Pˆ⋆-products, we finally define the commutator-formulas and the
symmetrized product-ones under the operation of Pˆ as follows:
[PˆX, PˆY ] = Pˆ [X, Y ]⋆ = Pˆ(X ⋆ Y − (−1)
εXεY Y ⋆ X),
{PˆX, PˆY } = Pˆ {X, Y }⋆ =
1
2
Pˆ(X ⋆ Y + (−1)εXεY Y ⋆ X),
(2.12)
§For a set of operators O{On|n = 1, 2, · · ·}, we hereafter represent PˆOn, On(C) (n = 1, 2, · · ·)
as PˆO, O(C), respectively.
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and
Pˆ[X, Y ] = [X, Y ]Pˆ⋆ = (X Pˆ ⋆ Y − (−1)
εXεY Y Pˆ ⋆ X),
Pˆ {X, Y } = {X, Y }Pˆ⋆ =
1
2
(X Pˆ ⋆ Y + (−1)εXεY Y Pˆ ⋆ X).
(2.13)
3 Construction of Noncommutative Quantum Sys-
tem
We shall consider the dynamical model to realize both of space-space and momentum-
momentum noncommutativities with the constant noncommutativity-parameters.
For this purpose, we propose the model Lagrangian, which is in the first-order and
singular and contains two-kind of Chern-Simons like terms. Starting with this Lan-
grangian, we shall construct the noncommutative quantum Hamiltonian system.
3.1 Noncommutativity Matrix Θ, Ξ
Let Θ and Ξ be the totally antisymmetric matrices defined as follows:
Θ = θε, Ξ = ηε, (3.1)
where θ is the constant parameter describing the noncommutativity of coordinates
and η, that of momenta, and ε is the completely antisymmetric tensor defined as
εij = 1 (i > j), εji = −εij (i, j = 1, · · · , N). (3.2)
These matrices satisfy
ΘΞ = ΞΘ, (ΘΞ)t = ΘΞ. (3.3)
In terms of Θ and Ξ, then, the following matrices are defined:
G = ΘΞ = ΞΘ, (3.4a)
M = I +
1
4
G, (3.4b)
M¯ = I −
1
4
G, (3.4c)
which are symmetric and commutable with Θ, Ξ, and therefore become commutable
with each other:
Gt = G, M t = M, M¯ t = M¯, (3.5a)
GΘ = ΘG, GΞ = ΞG, (3.5b)
MΘ = ΘM, MΞ = ΞM, M¯Θ = ΘM¯, M¯Ξ = ΞM¯. (3.5c)
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Due to Eqs.(3.4), there exist the inverses M−1 and M¯−1, which also satisfy the
same properties as M , M¯ .
3.2 Noncommutative Quantum System
3.2.1 Primary Hamiltonian System
Consider the dynamical system described by the first-order singular Lagrangian
L
L = L(x, x˙, v, v˙, u, u˙, λ, λ˙)
= x˙iM¯ijvj − λi(u
i − xi)−
1
2
v˙iΘ
ijvj −
1
2
u˙iΞiju
j − h0(x, v, u),
(3.6)
where h0(x, v, u) corresponds to the Hamiltonian in the final constraint quantum
system S∗.
Following the canonical quantization formulation for constraint systems[25, 31],
then, the initial unconstraint quantum system S = (C,A(C), H(C),K) is obtained
as follows:
C = {(xi, pxi ), (vi, π
i
v), (u
i, πui ), (λi, π
i
λ)|i = 1, · · · , N}, (3.7a)
A(C) : [xi, pxj ] = ih¯δ
i
j, [vi, π
j
v] = ih¯δ
j
i , [u
i, puj ] = ih¯δ
i
j ,
[λi, π
j
λ] = ih¯δ
j
i , (the others) = 0,
(3.7b)
H =
4∑
n=1
{µi(n), φ
(n)
i }+ {λi, ψ
(1)
i }+ h0(x, v, u), (3.7c)
K = {φ(1)i , φ
(2)
i , φ
(3)
i , φ
(4)
i , ψ
(1)
i , ψ
(2)
i |i = 1, · · · , N}
with
φ(1)i = M¯ijvj − p
x
i , φ
(2)
i = π
i
v +
1
2
Θijvj ,
φ(3)i = p
u
i +
1
2
Ξiju
j, φ(4)i = π
i
λ,
ψ(1)i = u
i − xi, ψ(2)i = λi − (W
−1)ijH
(0)
j (x, v, u).
(3.7d)
Here, φ(n)(n = 1, · · · , 4) are the constraint-operators corresponding to the primary
constraints φ(n) ≈ 0 due to the singularity of the Lagrangian (3.6), ψ(n)(n = 1, 2),
those corresponding to the secondary ones ψ(n) ≈ 0, and
W = I + M¯−1GM¯−1, (3.8)
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H
(0)
i (x, v, u) = ((M¯
−1GM¯−1)ij∂
x
j + (M¯
−1Ξ)ij∂
j
v − ∂
u
i )h0(x, v, u). (3.9)
The commutator algebra A(K) is presented in Appendix A. The Lagrange multiplier
operators µi
(n)
(n = 1, · · · , 4) are determined together with the secondary constraints
through the consistency conditions for the time evolusion of the constraint-operators
(see Appendix B).
3.2.2 Successive Projections of S
According to the structure of the commutator algebra (A.1), it is convenient to
classify K into the following three subsets :
K = K(A) ⊕K(B) ⊕K(C) (3.10a)
with
K(A) = {φ(1), φ(2)}, K(B) = {φ(3), ψ(1)}, K(C) = {φ(4), ψ(2)}. (3.10b)
As well as the Dirac bracket formalism, the POM satisfies the iterative property[32,
33].
Starting with the initial system (3.7), we shall construct the constraint quantum
system S∗ through the successive operations of projection operators[29]. For this
purpose, we first rearrange the subsets (3.10b) to K(n) (n = 1, 2, 3), and let Pˆ(n) be
the projection operator aasociated to the subset K(n), that is, Pˆ(n)K(n) = 0. Then,
the successive projections of the operators of the system by Pˆ(n) (n = 1, 2, 3) can be
carried out through the program designated by the following diagram :
C
Pˆ(1)
−→ C(1)
Pˆ(2)
−→ C(2)
Pˆ(3)
−→ C(3), (3.11)
where
C(n) = Pˆ(n)C(n−1) (n = 1, 2, 3) (3.12a)
with C(0) = C, which satisfy
K(n)(C(n)) = 0. (3.12b)
Then, Z(n) for the subsets K(n) (n = 1, 2, 3) consist of the operators in C(n−1),
Z(n) = Z(n)(C(n−1)). (3.13)
From (2.7), therefore, the projection operators Pˆ(n) are also represented as
Pˆ(n) = Pˆ(n)(C(n−1)) (n = 1, 2, 3). (3.14)
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3.2.3 Successive projection I
Let K(n) (n = 1, 2, 3) be K(1) = K(C), K(2) = K(B) and K(3) = K(A). Then, we shall
accomplish the successive projection of operators through the following diagram:
I : Pˆ(1)K(C) = 0 −→ Pˆ(2)K(B) = 0 −→ Pˆ(3)K(A) = 0. (3.15)
The ACCS Z (n)α of the projection operators Pˆ
(n) (n = 1, 2, 3) are given as follows,
respectively:
(1) Z (1)α = Z
(1)
α (C) =


ξ(1)i = ψ
(2)
i (α = i),
π(1)i = φ
(4)
i (α = i+N),
(2) Z (2)α = Z
(2)
α (C
(1)) =


ξ(2)i = ψ
(1)
i (α = i),
π(2)i = φ
(3)
i −
1
2
Ξijψ
(1)
j (α = i+N),
(3) Z (3)α = Z
(3)
α (C
(2)) =


ξ(3)i = (M
−1)ij(φ
(1)
j +
1
2
Ξjkφ
(2)
k ) (α = i),
π(3)i = (M
−1)ij(φ
(2)
j −
1
2
Θjkφ(1)k ) (α = i+N),
(3.16)
(α = 1, · · · , 2N ; i = 1, · · · , N).
Let Pˆ be Pˆ = Pˆ (3)Pˆ (2)Pˆ (1), then, C(3) is obtained as follows:
C(3) = PˆC = C{(Pˆx, Pˆpx), (Pˆv, Pˆπv), (Pˆu, Pˆp
u), (Pˆλ, Pˆπλ)}
= C(3){(x, px), (v, πv), (u, p
u)}
(3.17a)
with
λi = (W
−1)ijPˆ
(3)H
(0)
j (x, v, u),
πiλ = 0.
(3.17b)
Under the operation of Pˆ(3) in the process I, now, the operators x,v and u be-
come noncommutable with each other. For any operator O(x, v, u), therefore, the
projection of O(x, v, u) by Pˆ(3) would not always be equivalent to the operator O
consisiting of the projections of x, v, u, that is,
Pˆ(3)O(x, v, u) 6= O(Pˆ(3)x, Pˆ(3)v, Pˆ(3)u). (3.18)
The projection ofH
(0)
j (x, v, u) in Eq.(3.17b) is thus denoted as the form of Pˆ
(3)H
(0)
j (x, v, u)
.
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From Eqs.(2.11a), (3.16), the hyper-operators Ωˆ
(n)
ηζ for Pˆ
(n) (n = 1, 2, 3) are de-
scribed by
Ωˆ
(n)
ηζ = ξˆ
(n)(−)
i (η)πˆ
(n)(−)
i (ζ)− πˆ
(n)(−)
i (η)ξˆ
(n)(−)
i (ζ) (n = 1, 2, 3), (3.19)
the explisit forms of which are presented in Apppndix C.
Using the commutator formulas and the symmetrized ones (2.12) and (2.13),
now, one obtains the commutator algebra A(C(3)), which is presented in Appendix
D. From the structure of A(C(3)), thus, we shall adopt {(x, v)} as the projected CCS
C∗ in S∗:
C∗ = {(xi, vi)|i = 1, · · · , N} = {(x, v)} (3.20)
with
ui = xi, λi = (W
−1)ijPˆ
(III)H
(0)
j (x, v, u(x)),
pxi = M¯ijvj, π
v
i = −
1
2
Θijvj ,
pui = −
1
2
Ξijx
j , πiλ = 0.
(3.21)
Then, the canonical structure A∗(C∗) is represented as
A∗(C∗) : [xi, xj ] = ih¯(M−1ΘM−1)ij,
[xi, vj ] = ih¯(M
−1M¯M−1)ij ,
[vi, vj ] = ih¯(M
−1ΞM−1)ij,
(3.22)
and the projected Hamiltonian H∗ becomes
H∗ = Pˆ(3)h0(x, v, u(x)), (3.23)
where h0(x, v, u(x)) ∈ C
(2).
Thus, we have obtained the constraint quantum system in the process I,
S∗ = (C∗,A∗(C∗), H∗(C∗)). (3.24)
3.2.4 Successive projection II
The constraint operators φ(4)i = π
i
λ in K
(C) are commutable with the canonical
pairs (x, px), (v, πv) and (u, p
u). Therefore, it turns out that the result of the succes-
sive projection of the system does not depend on the order of the operation of Pˆ (C).
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Consider, then, the projection process where the subsets K(A) and K(B) are inter-
changed in the process (3.15),
II : Pˆ(1)K(C) = 0 −→ Pˆ(2)K(A) = 0 −→ Pˆ(3)K(B). (3.25)
The ACCS’s in the process (3.25) are given as follows:
(1) Z (1)α = Z
(1)
α (C) =


ξ(1)i = ψ
(2)
i (α = i),
π(1)i = φ
(4)
i (α = i+N),
(2) Z (2)α = Z
(2)
α (C
(1)) =


ξ(2)i = (M¯
−1)ijφ
(1)
j (α = i),
π(2)i = φ
(2)
i −
1
2
(M¯−1Θ)ijφ
(1)
j (α = i+N),
(3) Z (3)α = Z
(3)
α (C
(2)) =


ξ(3)i = (M
−1)ij(M¯jkψ
(1)
k +
1
2
Ξjkφ
(3)
k ) (α = i),
π(3)i = (M
−1)ij(φ
(3)
j −
1
2
(ΞM¯)jkψ
(1)
k ) (α = i+N),
(3.26)
and the hyper-operators Ωˆ
(n)
ηζ (n = 1, 2, 3) for the process II is also presented in
Appendix C.
As well as in the case of the successive projection I, then, we obtain the constraint
quantum system S∗ in II, which is identical with S∗ in I, except that the projection
of an operator O(x, v, u) is represented as Pˆ(3)Pˆ(2)O(x, v, u) in II.
Consequently, one can express the projected Hamiltonian H∗(C∗) with the unified
form as follows:
H∗(C∗) = H∗(x, v) =


Pˆ(3)h0(x, v, u(x)) I
Pˆ(3)Pˆ(2)h0(x, v, u) II.
(3.27)
4 Exact Canonically Conjugate Set
The commutator algebra in the constraint quantum system S∗ has been given by
Eq.(3.22). In order to construct the exact CCS in S∗, we first introduce
qi =Mijx
j , pi = Mijvj, (4.1)
which obey the commutator algebra A(q, p),
A(q, p) : [qi, qj] = ih¯Θij,
[qi, pj] = ih¯M¯ij,
[pi, pj] = ih¯Ξij.
(4.2)
10
Let C∗(Q,P ) be the exact CCS with the commutator algebra
[Qi, Qj] = 0, [Qi, Pj] = ih¯δ
i
j , [Pi, Pj ] = 0, (4.3)
we next introduce the projection operators defined by
PˆQ =
∞∑
n=0
1
n!
Qˆ(+)nPˆ (−)n,
PˆP =
∞∑
n=0
(−1)n
n!
Pˆ (+)nQˆ(−)n,
(4.4)
which satisfy
PˆQQ
i = PˆPPi = 0 (i = 1, · · · , N). (4.5)
Following the POM[25, 34], then, the exact CCS is obtained in the following way:
Qi = PˆPq
i =
∞∑
n=0
(−1)n
n!
Pˆ (+)nQˆ(−)nqi =
∞∑
n=0
(−1)n
(n+ 1)!
Pˆ (+)nqˆ(−)nqi, (4.6a)
Pi = PˆQpi =
∞∑
n=0
1
n!
Qˆ(+)nPˆ (−)npi =
∞∑
n=0
1
(n+ 1)!
Qˆ(+)npˆ(−)npi. (4.6b)
From the commutator algebra (4.2), Eqs.(4.6) become
Qi = qi +
1
2
ΘijPj, (4.7a)
Pi = pi −
1
2
ΞijQ
j . (4.7b)
Then, one immediately obtains
Qi = M−1ij (q
j +
1
2
Θjkpk) = x
i +
1
2
Θijvj , (4.8a)
Pi = M
−1
ij (pj −
1
2
Ξjkq
k) = vi −
1
2
Ξijx
j , (4.8b)
which are equivalent to the formulas in the so-called Bopp shift[30].
According to Eqs.(4.8), xi and vi become
xi = (M−1)ij(Q
j −
1
2
ΘjkPk), vi = (M
−1)ij(Pj +
1
2
ΞjkQ
k). (4.9)
The projected Hamiltonian H∗ is thus represented as follows:
H∗ = H∗(x, v) = H∗(M−1(Q−
1
2
ΘP ),M−1(P +
1
2
ΞQ)) = H˜∗(QP ). (4.10)
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which will be shown to contain the quantum corrections due to the noncommuta-
tivity among the projected CCS and the ACCS[35].
The projected Hamiltonian H∗ is represented also in terms of (q, p) defined by
Eq.(4.1) as follows:
H∗ = H∗(M−1q,M−1p) = H∗(q, p). (4.11)
Then, S∗ becomes
S∗ = (C∗(q, p),A∗(C∗),H∗(q, p)), (4.12)
where A∗(C∗) is given by Eq.(4.2).
5 Discussion and Conclusions
Starting with the first-order singular Lagrangian , we have shown that the non-
commutative quantum system S∗ is exactly constructed through the POM with the
star-product quantization. The canonical structure in S∗ has been defined by the
commutator-algebra A∗(x, v), which contains all-order of the noncommutativity pa-
rameters through M−1.
We have shown that the canonical structure A∗ is represented also in terms of
the transformed CCS, C∗(q, p), which obeys the ordinaly type (4.1) of commutator
algebra. Using C∗(q, p), further, we have constructed the exact CCS C∗(Q,P ).
We finally discuss the alternative model Lagrangian to realize both of space-space
and momentum-momentum noncommtativities, which is proposed by
L′ = L′(x, x˙, v, v˙, u, u˙, λ, λ˙)
= x˙ivi − λi(M¯iju
j − xi)−
1
2
v˙iΘ
ijvj −
1
2
u˙iΞiju
j − h0(x, v, u).
(5.1)
Let pix = ∂L
′/∂x˙i, then, we will obtain the noncommutative quantum system
S∗ = (C∗(u, px), H
∗(u, px)), of which canonical structure A
∗(u, px) is equivalent to
A∗(x, v) defined by (3.22). Furthermore, the noncommutative quantum system con-
structed in Appendix E also holds the canonical structure equivalent to (3.22).
The projected Hamiltonians contain the quantum corrections due to the non-
commutativity among the projected CCS and the ACCS. This problem will be in-
vestigated in near future.
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Appendix
A Commutator Algebra of Constraint operators
Under the commutator algebra A(C), the commutation relations among the initial
constraint-operators are given by
A(K) :
[φ(1)i , φ
(2)
j ] = ih¯M¯ij , [φ
(1)
i , ψ
(1)
j ] = −ih¯δij ,
[φ(1)i , ψ
(2)
j ] = −ih¯(W
−1)jk∂
x
i H
(0)
k (x, v, u), [φ
(2)
i , φ
(2)
i ] = ih¯Θ
ij,
[φ(2)i , ψ
(2)
j ] = ih¯(W
−1)jk∂
i
vH
(0)
k (x, v, u), [φ
(3)
i , φ
(3)
j ] = ih¯Ξij,
[φ(3)i , ψ
(1)
j ] = −ih¯δij , [φ
(3)
i , ψ
(2)
j ] = ih¯(W
−1)jl∂
u
i H
(0)
l ,
[φ(4)i , ψ
(2)
j ] = −ih¯δij , (the others) = 0.
(A1)
B Lagrange multiplier operators
The Lagrange muliplier operators in the Hamiltonian (3.7c) are given as follow:
µi
(1)
= µi
(1)
(x, v, u, λ) = −(G−1Θ)ij(λj + ∂
u
j h0(x, v, u)),
µi
(2)
= µi
(2)
(x, v, u, λ) = (M¯−1)ij(λj − ∂
x
j h0(x, v, u)),
µi
(3)
= µi
(3)
(x, v, u, λ) = (G−1Θ)ij(λj + ∂
u
j h0(x, v, u)),
µi
(4)
= µi
(4)
(x, v, u, λ) = (W−1)ij(−µ
k
(1)
∂xk + µ
k
(2)
∂kv + µ
k
(3)
∂uk )H
0
j (x, v, u).
(B1)
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C The representation of Ωˆηζ
The explisit forms of hyper-operators Ωˆ
(n)
ηζ (n = 1, 2, 3) in the projection processes I
and II.
C.1 Projection process I
Ωˆ
(1)
ηζ = ψˆ
(2)(−)
k (η)πˆ
k(−)
λ (ζ)− πˆ
k(−)
λ (η)ψˆ
(2)(−)
k (ζ)
with ψ
(2)
k = λk − (W
−1)klH
(0)
l (x, v, u),
Ωˆ
(2)
ηζ = −Ξklxˆ
k(−)(η)xˆl(−)(ζ)
+(uˆk(−)(η)pˆ
u(−)
k (ζ)− pˆ
u(−)
k (η)uˆ
k(−)(ζ))
+(pˆ
u(−)
k (η)xˆ
k(−)(ζ)− xˆk(−)(η)pˆ
u(−)
k (ζ))
+
1
2
Ξkl(xˆ
k(−)(η)uˆl(−)(ζ) + uˆk(−)(η)xˆl(−)(ζ)),
Ωˆ
(3)
ηζ = −(M
−1ΘM−1)klpˆ
x(−)
k (η)pˆ
x(−)
l (ζ)
−(M−1ΞM−1)klπˆ
k(−)
v (η)πˆ
l(−)
v (ζ)
+
1
4
(M−1GΘM−1)klvˆ
(−)
k (η)vˆ
(−)
l (ζ)
+(M−1M¯M−1)kl(πˆ
k(−)
v (η)pˆ
x(−)
l (ζ)− pˆ
x(−)
k (η)πˆ
l(−)
v (ζ))
+
1
2
(M−1ΘM¯M−1)kl(pˆ
x(−)
k (η)vˆ
(−)
l (ζ) + vˆ
(−)
k (η)pˆ
x(−)
l (ζ))
+(M−1(I +
1
16
G2)M−1)kl(vˆ
(−)
k (η)πˆ
l(−)
v (ζ)− πˆ
k(−)
v (η)vˆ
(−)
l (ζ)).
(C1)
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C.2 Projecion process II
Ωˆ
(1)
ηζ = ψˆ
(2)(−)
k (η)πˆ
k(−)
λ (ζ)− πˆ
k(−)
λ (η)ψˆ
(2)(−)
k (ζ)
with ψ
(2)
k = λk − (W
−1)klH
(0)
l (x, v, u),
Ωˆ
(2)
ηζ = −(M¯
−1ΘM¯−1)klpˆ
x(−)
k (η)pˆ
x(−)
l (ζ)
−(M¯−1)kl(pˆ
x(−)
k (η)πˆ
l(−)
v (ζ)− πˆ
k(−)
v (η)pˆ
x(−)
l (ζ))
+(vˆ
(−)
k (η)πˆ
(−)k
v (ζ)− πˆ
(−)k
v (η)vˆ
(−)
k (ζ)
+
1
2
(M¯−1Θ)kl(pˆ
x(−)
k (η)vˆ
(−)
l (ζ) + vˆ
(−)
k (η)pˆ
x(−)
l (ζ))
Ωˆ
(3)
ηζ = −(M
−1M¯ΞM¯M−1)klxˆ
k(−)
v (η)xˆ
l(−)
v (ζ)
−(M−1ΘM−1)klpˆ
u(−)
k (η)pˆ
u(−)
l (ζ)
+
1
4
(M−1GΞM−1)kluˆ
k(−)(η)uˆl(−)(ζ)
+(M−1M¯2M−1)kl(pˆ
u(−)
k (η)xˆ
l(−)(ζ)− xˆk(−)(η)pˆ
u(−)
l (ζ))
+
1
2
(M−1M¯ΞM¯M−1)kl(xˆ
k(−)(η)uˆl(−)(ζ) + uˆk(−)(η)xˆl(−)(ζ))
+(M−1(I +
1
16
G2)M−1)kl(uˆ
k(−)(η)pˆ
u(−)
l (ζ)− pˆ
u(−)
k (η)uˆ
l(−)(ζ)).
(C2)
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D Commutator Algebra A(C(3))
[xi, xj ] = ih¯(M−1ΘM−1)ij, [x
i, uj] = ih¯(M−1ΘM−1)ij ,
[xi, pxj ] = ih¯(M
−1M¯M¯M−1)ij, [x
i, puj ] = ih¯
1
2
(M−1GM−1)ij ,
[pxi , p
x
j ] = ih¯(M
−1M¯ΞM¯M−1)ij, [v
i, pxj ] = ih¯(M
−1ΞM¯M−1)ij ,
[vi, vj ] = ih¯(M
−1ΞM−1)ij , [vi, u
j] = −ih¯(M−1M¯M−1)ij,
[vi, π
v
j ] = ih¯
1
2
(M−1GM−1)ij, [vi, p
u
j ] = −ih¯
1
2
(M−1ΞM¯M−1)ij ,
[πiv, π
j
v] = −ih¯
1
4
(M−1GΘM−1)ij , [u
i, pxj ] = ih¯(M
−1M¯M¯M−1)ij ,
[ui, uj] = ih¯(M−1ΘM−1)ij, [u
i, πvj ] = ih¯
1
2
(M−1ΘM¯M−1)ij,
[ui, puj ] = ih¯
1
2
(M−1GM−1)ij [p
x
i , π
j
v] = ih¯
1
2
(M−1GM¯M−1)ij,
[pui , p
u
j ] = −ih¯
1
4
(M−1ΞGM−1)ij [p
x
i , p
u
j ] = −ih¯
1
2
(M−1M¯ΞM¯M−1)ij ,
[xi, vj ] = ih¯(M
−1M¯M−1)ij, [π
i
v, p
u
j ] = ih¯
1
4
(M−1GM¯M−1)ij,
[xi, πjv] = ih¯
1
2
(M−1M¯ΘM−1)ij .
(D1)
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E Different Type of Constraint Dynamical Model
We shall here show that the noncommutative quantum system equivalent to S∗,
Eq.(3.24), can be constructed with the model Lagrangian, which does not contain
the redundant CCS (u, pu) and (λ, πλ).
E.1 Primary Hamiltonian System
Let L be the first-order singular Lagrangian defined with
L = L(x, x˙, v, v˙)
= x˙iM¯ijvj −
1
2
v˙iΘ
ijvj −
1
2
x˙iΞijx
j − h0(x, v),
(E1)
where h0(x, v) also corresponds to the Hamiltonian in the final constraint quantum
system S∗.
Then, the initial unconstraint quantum system S = (C,A(C), H(C),K) is given
as follows:
C = {(xi, pxi ), (vi, p
i
v)|i = 1, · · · , N},
A(C) : [xi, pxj ] = ih¯δ
i
j , [vi, p
j
v] = ih¯δ
j
i , (the others) = 0,
H = {µi(1), φ
(1)
i }+ {µ
i
(2), φ
(2)
i }+ h0(x, v),
K = {φ(1)i , φ
(2)
i |i = 1, · · · , N}
φ(1)i = M¯ijvj − p
x
i −
1
2
Ξijx
j , φ(2)i = π
i
v +
1
2
Θijvj ,
A(K) : [φ(1)i , φ
(1)
j ] = ih¯Ξij ,
[φ(1)i , φ
(2)
j ] = ih¯M¯ij ,
[φ(2)i , φ
(2)
j ] = ih¯Θ
ij ,
µi
(1)
= −(M−1ΘM−1)ij∂
x
j h0(x, v)− (M
−1M¯M−1)ij∂
j
vh0(x, v),
µi(2) = −(M
−1M¯M−1)ij∂
x
j h0(x, v) + (M
−1ΞM−1)ij∂
j
vh0(x, v),
(Lagrange multiplier operators).
(E2)
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E.2 Projection of S
E.2.1 ACCS Zα and Projection Operator Pˆ for K
Let Zα(= ξi(α = i), πi(α = i + N)) be the ACCS corresponding to K. Following
POM, then, the ACCS satisfies
ξi −
1
2
Ξijπj = φ
(1)
i ,
πi +
1
2
Θijξj = φ
(2)
i .
(E3)
From Eqs.(E3), ξi and πi are given as follows:
ξi = M
−1
ij (φ
(1)
j +
1
2
Ξjkφ
(2)
k ) =M
−1
ij (vj +
1
2
Ξjkp
k
v − p
x
j −
1
2
Ξjkx
k),
πi = M
−1
ij (φ
(2)
j −
1
2
Θjkφ
(1)
k ) = M
−1
ij (p
j
v +
1
8
(GΘ)jkvk +
1
2
Θjkpxk +
1
4
Gjkx
k).
(E4)
Let Pˆ be the projection operator constructed with Zα, which satisfies
PˆPˆ = Pˆ , PˆZα = 0, PˆZˆ
(+)
α = Zˆ
(−)
α Pˆ = 0. (E5)
From Eqs.(E3), then, the projection conditions for K become as follows:
Pˆφ(1)i (x, p
x, v) = M¯ijPˆvj − Pˆp
x
i −
1
2
ΞijPˆx
j = φ(1)i (Pˆx, Pˆp
x, Pˆv) = 0,
Pˆφ(2)i (v, pv) = Pˆp
i
v +
1
2
ΘijPˆvj = φ
(2)
i (Pˆpv, Pˆv) = 0.
(E6)
E.2.2 Projection of Operators
Let PˆC be C(1),
C(1) = PˆC = {(Pˆx, Pˆpx), (Pˆv, Pˆpv)} = {x, p
x, v, pv}. (E7))
Due to the projection conditions (E6), then, C(1) holds
M¯ijvj − p
x
i −
1
2
Ξijx
j = 0,
piv +
1
2
Θijvj = 0.
(E8))
The commutator algebra of C(1), A(C(1)), becomes as follows:
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[xi, xj ] = ih¯(M−1ΘM−1)ij , [x
i, vj] = ih¯(M
−1M¯M−1)ij,
[xi, pxj ] = ih¯(M
−1(I +
1
16
G2)M−1)ij , [x
i, pjv] = ih¯
1
2
(M−1M¯ΘM−1)ij ,
[pxi , p
x
j ] = −ih¯
1
4
(M−1GΞM−1)ij , [v
i, pxj ] = ih¯
1
2
(M−1ΞM¯M−1)ij ,
[vi, vj ] = ih¯(M
−1ΞM−1)ij , [p
x
i , p
j
v] = ih¯
1
4
(M−1GM¯M−1)ij .
[vi, p
j
v] = ih¯
1
2
(M−1GM−1)ij,
[piv, p
j
v] = −ih¯
1
4
(M−1GΘM−1)ij ,
(E9)
From (E3), now, the projection of {µi(1), φ
(1)
i } is estimated as follows:
Pˆ {µi(1), φ
(1)
i } = Pˆ(ξˆ
(+)
i µ
i
(1) −
1
2
Ξij πˆ
(+)
j µ
i
(1)) = 0,
and similarly,
Pˆ {µi(2), φ
(2)
i } = Pˆ(πˆ
(+)
i µ
i
(2)
+
1
2
Θij ξˆ
(+)
j µ
i
(2)
) = 0.
Thus, the projection of H is given by
H (1) = PˆH = Pˆh0(x, v). (E10)
E.3 Constraint Quantum Sysytem S∗
From the commutator algebra (E9), we shall adopt {(x, v)} as the projected CCS
C∗ in S∗:
C∗{(x, v)} = {xi, vi|i = 1, · · · , N}, (E11)
with
pxi = M¯ijvj −
1
2
Ξijx
j ,
piv = −
1
2
Θijvj .
(E12)
Then, the canonical structure A∗(C∗) is represented as
[xi, xj ] = ih¯(M−1ΘM−1)ij ,
[xi, vj] = ih¯(M
−1M¯M−1)ij ,
[vi, vj] = ih¯(M
−1ΞM−1)ij ,
(E13)
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and the projected Hamiltonian H∗ is given by
H∗ = Pˆh0(x, v). (E14)
Thus, the constraint quantum system is constructed by
S∗ = (C∗, H∗). (E15)
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